Abstract. We consider a generalized Lieb-Liniger model, describing a onedimensional Bose gas with all its conservation laws appearing in the density matrix. This will be the case for the generalized Gibbs ensemble, or when the conserved charges are added to the Hamiltonian. The finite-size corrections are calculated for the energy spectrum. Large-distance asymptotics of correlation functions are then determined using methods from conformal field theory.
Introduction
There has recently been much interest in so called generalized Gibbs ensembles (GGEs), where the density matrix of a system is given bŷ
generalizing the usual Gibbs ensemble for generic (non-integrable) systems where only the Hamiltonian and particle number operator appear in the exponent. Instead, for an integrable system, {Q n } is the complete set of local conserved charges, with {β n } the generalized inverse temperatures (Lagrange multipliers) and Z GGE = Tr e − n βnQn the generalized partition function [1] . For such quantum ensembles, expectation values of observables are obtained as
whereas the time-evolution is governed by the usual Schrödinger Hamiltonian. Recent experimental advances with quantum non-equilibrium dynamics of cold atoms [2] , where the GGE was proposed [3] to describe local large-time behavior, has spurred a great interest in possible equilibrium ensembles for integrable systems (see e.g. Refs. [4, 5, 6] and references therein, and in particular Refs. [7, 8, 9, 10] for treatments of the one-dimensional Bose gas). But effects from higher conservation laws in integrable systems have also been studied longer ago in the context of competing interactions in spin chains [11, 12] .
It is therefore a timely question to now ask in general what sort of effects one can anticipate when incorporating higher conservation laws into the density matrix for an integrable model. In this paper we study finite-size effects and obtain conformal dimensions for the one-dimensional Bose gas (Lieb-Liniger model), when governed by a density matrix of the form (1). In particular, using the exact Bethe Ansatz solution we calculate the finite-size corrections for the energy and momentum. Comparing this to the expressions given by conformal field theory, we are able to obtain the large-distance asymptotics of correlation functions.
Lieb-Liniger model
The Lieb-Liniger model describes a one-dimensional Bose gas with point-like interaction through the Hamiltonian
with coupling constant c > 0 and Bose fields Ψ with equal-time commutation relations
The model is solved through the Bethe Ansatz [13, 14, 15] , yielding eigenstates |{λ j } given in terms of rapidities λ j satisfying the Bethe equations
for a system of N particles in a box of length L with periodic boundary conditions. The Bethe equations (4) can equivalently be written as
with n j integer when N odd and half-integer when N even, and
For non-zero wave function, n j = n k when j = k. The conserved chargesQ n have eigenvalues Q n given by
the three lowest being particle number N = Q 0 , momentum P = Q 1 , and energy E = Q 2 . Explicit expressions for some of the higher conserved chargesQ n can be found in Ref. [16] . Now let us consider a generalized HamiltonianĤ G where all the conserved chargesQ n have been added to the Lieb-Liniger Hamiltonian (3),
with coefficients b n . Extremizing the entropy gives a density matrix of the form (1)
with β = 1/T the inverse temperature and Z G the generalized partition function. Hence we can analyze both the situation of a system described by a generalized Gibbs ensemble (1) as well as a system where the Schrödinger Hamiltonian itself is given byĤ G in Eq. (7).
The eigenvalues E({λ j }) of the generalized HamiltonianĤ G are given by
where the bare one-particle energy ε 0 (λ) is given by the polynomial function
with b 2 = 1, and b 0 = −h the chemical potential. It was shown in Ref. [17] that the generalized Yang-Yang thermodynamic Bethe Ansatz (TBA) equation becomes
and that a solution exists provided that ε 0 (λ) is bounded from below and lim λ→±∞ ε 0 (λ) = +∞. The kernel K(λ, µ) is given by
and the equilibrium particle distribution function ρ(λ) by
with the Fermi weight
This can also be written as ρ(λ) = ϑ(λ)ρ t (λ), where
is the density of states. Similarly, the so-called dressed charge Z(λ) is defined by
reflecting that for the Lieb-Liniger model Z(λ) = 2πρ t (λ).
3. Finite-size corrections at zero temperature
Energy
Let us now investigate the finite-size corrections to the generalized energy (9), focusing on the zero-temperature limit. Then the set of numbers n j in Eq. (5) that minimizes the generalized energy (9) is such that all λ j with ε(λ j ) < 0 are occupied and the rest empty of particles. In the thermodynamic limit, this gives Fermi points q
The ground state energy in the thermodynamic limit can then be written as
with finite-size corrections coming from the replacement of the sum in Eq. (9) with an integral. These are obtained using the Euler-Maclaurin formula in complete analogy with the usual case [18, 19] , yielding for the leading corrections
where i is the Fermi sea index and ν = ± the right/left index. Here v ± i is the Fermi velocity at the Fermi point q ± i , given by
Now we investigate the finite-size corrections of low-energy excited states, using the techniques found in Refs. [20, 21, 22, 23, 24, 25] . First, we expand the energy E({q ± i }) = E 0 + δE to second order around the ground-state energy E 0 in Eq. (18),
with δq ± i the change in Fermi momentum q ± i with respect to the ground state. Now, ∂E ∂q
where ε is the dressed energy (11) . Since the ground state minimizes E, one has
which is given by
Now we will express δq ± i in terms of the quantum numbers ∆N i and ∆D i , defined as the changes in
compared to the ground state. Then
The Jacobian is found from ∂N j ∂q
∂D j ∂q
where the function g(λ|q
Eq. (30) is equivalent to g(λ|q
For the general case we need to consider the vectors
so that we can write
with ∂n i /∂p j given by Eqs. (28)- (29), and hence obtain ρ t (q
Inserting this into Eq. (24), and including the numbers N 
This expression is simplified when the model has parity symmetry, e.g. around λ = 0 so that only even powers of λ appears in Eq. (10) and hence ε 0 (λ) = ε 0 (−λ). If this is the case, we can consider the new pairs of Fermi points q ± j = ±q j (q 1 > q 2 > ... > 0), with a sea j of either particles or holes between them, and Fermi velocities |v
i.e. ∆N j being the number of particles/holes added to Fermi sea j of particles/holes, and d j = ∆D j /2 the number jumping from q j to −q j . Let us now write
with g(λ|q ± i ) given by Eq. (30) . By expressing the matrix elements of Z as
j+1 g(µ|q j ), one finds Z ij = ξ ij (q i ), where ξ(λ) is the dressed charge matrix defined through
so that here the kernel matrix element is K ij (λ, µ) = K(λ, µ) when −q j ≤ µ ≤ q j , otherwise zero. Now from
it follows that
Hence Y = (Z T ) −1 . Putting this into Eqs. (27) and (24), finally gives
where
Obviously, when the bare single-particle dispersion in Eq. (10) is given by ε 0 (λ) = λ 2 , there is just a single Fermi sea, between λ = −q and λ = q, and Eqs. (42) and (43) reduce to those for the usual Lieb-Liniger model,
Momentum
Since the momentum P = i λ i = 2π L i n i , as is easily seen from Eq. (5), it is trivially obtained as
for the excited states, where P 0 is the ground-state momentum. In the thermodynamic limitP i = (q
In case of parity symmetryP j = 0 and k j = 2q j .
Conformal dimensions and correlation functions
It is now clear that the finite-size corrections in Eqs. (18), (42) and (45) can be written on the form
where h.o.c. denotes higher-order corrections. This tells us that the low-energy physics is given by a sum of conformal field theories [26, 27] , where ∆ ± j are the scaling dimensions of the scaling operators of the theories and c j = 1 the central charges. We will now use this to obtain the large-distance asymptotics of the equal-time correlation functions [21] . The field correlation function
for which the total number of added particles is ∆N = j (∆N 2j−1 − ∆N 2j ) = 1, should then have the asymptotic form
is the set of quantum numbers for the excitations, and A(Q Ψ ) the amplitudes. The leading term is given by
with α the smallest sum of scaling dimensions 2 j (∆
given the constraint ∆N = 1, i.e. α is the smallest of the numbers j (Z −1 ) jk 2 /2. Similarly, densitydensity correlators are obtained with ∆N = 0,
where the first term comes from the processes with d k = 0 and one single number N ± k equal to one, and the second term is from the two processes with the d k = ±1 giving smallest θ, i.e. with θ the smallest of the numbers 2 j Z kj 2 .
Importantly, the finite-temperature correlation functions for mixed states are obtained by the standard conformal mapping z(w) = e 2πT w/v i in the complex plane z = x − iv i t, so that in the formulas above
(54)
Discussion
We have obtained the finite-size corrections for the energy and momentum of a one-dimensional Bose gas with delta-function interaction (Lieb-Liniger model) when additional conservation laws are present in the density matrix, or the conserved charges are added to the Hamiltonian. The results show that the low-energy physics is described by a sum of conformal field theories each with central charge c = 1, where each may have its own specific speed of sound. The picture is most clear when the bare dispersion is parity symmetric. In this case we derived the asymptotic behavior of the correlation functions using standard arguments. The finite temperature mapping (54) provides a possible connection to present studies of quantum non-equilibrium dynamics. In the standard setup, an isolated system in a pure state is time-evolved by, but not an eigenstate of, the usual Schrödinger Hamiltonian. The density matrix of a subsystem will however be in a mixed state, presumably approaching the form (1) with a finite effective temperature. It remains to be seen whether the new types of correlation effects in the generalized model studied here may appear in such systems.
It is interesting to note that the generalized one-dimensional Bose gas with a dispersion relation with many Fermi points for the bare particles gives similar types of finite-size effects as in well-studied examples of multicomponent (a.k.a. nested) Bethe Ansatz solvable models [29] , such as integrable quantum spin chains [11, 12, 28, 30, 31, 32, 33, 34] and the one-dimensional Hubbard model [24, 35] , even though the onedimensional Bose gas only contains a single species of particles.
